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Abstract
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1 Introduction

The time consistency of equilibria is a crucial and long standing issue in
dynamic game theory. In general, open-loop Nash (i.e., simultaneous play)
equilibria are time consistent while open-loop Stackelberg (i.e., sequential
play) equilibria are time inconsistent, and there exists a relevant stream of
literature investigating special classes of games where these problems do not
arise. Starting from Clemhout and Wan (1974), several types of games pro-
ducing strongly time consistent (or subgame perfect) Nash equilibria under
open-loop information have been identified.! Attaining time consistency in
Stackelberg games is a somewhat more challenging enterprise. After the
seminal contributions of Simaan and Cruz (1973a,b), the idea that hier-
archical dynamic games yield time inconsistent Stackelberg equilibria has
dominated the related literature in economics and, more generally, in the
social sciences as a whole.

Here we focus our attention on dynamic games in continuous time, i.e.,
differential games. Our aim is to characterise a class of games which are ad-
ditively separable with respect to state and control variables, in the following
sense. We model Stackelberg play as carried out by agents partitioned into
two groups, labelled as leaders and followers, respectively, and we assume
that players belonging to the same group move simultaneously while agents
belonging to different groups move sequentially. In this framework, we adopt
a specific definition of additive separability of the state dynamics and the
instantaneous payoff functions w.r.t. controls and states. In particular, we
exclude any multiplicative interplay between any variables (either states or
controls) pertaining to players belonging to different groups.? Such defini-
tion ensures that the resulting instantaneous best response functions of any
two players belonging to different groups are orthogonal to each other in the
space of controls. On this basis, we prove two main results:

o If a differential game satisfies our definition of additive separability,
then its feedback Nash and Stackelberg equilibria coincide.

e Additionally, if the open-loop Nash solution of the same game is strongly
time consistent, then the feedback Stackelberg equilibrium collapses

!Classes of tractable open-loop differential games have been identified by Dockner et
al. (1985). Several other contributions illustrate specific games whose open-loop solutions
are strongly time consistent. For exhaustive surveys of such games, see Mehlmann (1988,
ch. 4) and Dockner et al. (2000, ch 7).

2This definition permits the presence of multiplicative effects between any two or more
variables of players within the same group.



onto the open-loop Nash one, precisely because the latter also coin-
cides with the feedback Nash equilibrium.

Note that the above points hold irrespective of whether the open-loop
Stackelberg solution is time consistent or not. Accordingly, this makes un-
necessary to deal explicitly with the eventual time inconsistency that might
well affect the open-loop hierarchical game, as the feedback Stackelberg
equilibrium, which is strongly time consistent by definition, can be easily
characterised by solving the open-loop Nash setup.

Our main result is connected with Rubio (2006), where, in the two-player
case, it is shown that the orthogonality of instantaneous best response func-
tions yields the coincidence of feedback Nash and Stackelberg equilibria.
What we do here is to characterise an underlying structure whereby a game
produces orthogonal best replies across groups, in the general case with n
players. Additionally, a consideration which is central in Rubio’s paper is
that the coincidence of feedback Nash and Stackelberg equilibria happens
even too often in economic problems,? and leaves little room for the analysis
of sequential moves. Yet, our point is that this coincidence may instead
be considered as an advantage as it allows us to charasterise analytically
feedback Stackelberg equilibria by solving the feedback Nash equilibria of
the same games. Furthermore, if the Nash open-loop solution is strongly
time consistent, then the orthogonality of instantaneous best response func-
tions yields that the open-loop Nash equilibrium coincides with the feedback
Stackelberg equilibrium which is strongly time consistent as well.

2 The basic setup
Consider an infinite horizon differential game with the following features:

e 1 is the number of players;

o x(t) = (z1(t),...,zn(t)) € X C R™, where X is an open set, is a vector
of state variables;

o u(t) € U :=U;x...xUpy, where U, is an open set for every i = 1,...,n,
is a vector of control variables; w;(t) is the i-th player’s control;

3See Bagar, Haurie and Ricci (1985), van der Ploeg and de Zeeuw (1990) and Rubio
and Escriche (2001).



e the i-th player is endowed with the instantaneous payoff m;(x(t), u(t),t) €
C?(X x U x [tg,0)), and is supposed to maximize the discounted ob-
jective functional:

7 ot (1) .
JZ_/tO pit=t0) (1), u(2), t)dt (2.1)

subject to the kinematic equation:

{j:s(t) = gs(x(t)7 u(t)7 t)

xs(t()) = Ts0 ’ (2.2)

where gs(-) € C?(X x U x [tg,0)), s =1,...,n and p; is the constant
force of interest for the i-th agent;?

e to satisfy the sufficiency condition for maximization, we assume that
i (x(t),u(t), t) is concave and gs(x(t), u(t), t) is quasi-concave in states
and controls.

Definition 2.1. A vector of strategies (uj,...,u)) € U such that:
Ji(ul, .o un) > Ji(uy, -, un g, Uy), t=1,.00,m (2.3)
18:

1. an open-loop Nash equilibrium if v} depends on timet and on the given
initial condition xo (i.e. is an open-loop strategy for alli), and if (2.3)
holds for all open-loop strategies wu;;

2. a feedback Nash equilibrium if u} depends ont, x and if it is continuous
in t and uniformly Lipschitz in x for each t (i.e. is a feedback strategy
for alli), and if (2.3) holds for every possible initial condition (to,Xo)

of (2.2).

Classically, open-loop equilibria are determined by applying Pontryagin’s
maximum principle, whereas optimal feedback trajectories request the solu-
tion of the Hamilton-Jacobi-Bellman equations, whenever that is possible.

4That is, we confine our attention to a setup with n players, n controls and n states,
which is not as general as one could desire. In particular, it leaves out of the picture games
treating common pool resource extraction, as well as environmental issues. The extension
of the present setup to account for these aspects is left for future research.



2.1 Time consistency in simultaneous games

Definition 2.2 (Basar and Olsder, 1995, pp. 256-7; Dockner et al.,
2000, p. 99 and p. 102). An optimal control vector u*(-) € U is called:

1. time consistent if its truncated part in the time interval [T, 00), where
T > tg, represents an equilibrium also for any subgame starting in
t =T, given the vector of initial conditions X(T).

2. strongly time consistent if its truncated part in the time interval [T, 00),
where T' > tg, represents an equilibrium also for any subgame starting
int =T, independently of the initial conditions X(T).

By time consistency without further qualification we refer to what is
often defined as weak time consistency, while strong time consistency cor-
responds to subgame perfection. If u*(-) is not subgame perfect, then it
is a credible strategy vector under precommitment only, as shown by the
classical following result:

Proposition 2.1. Given an n-tuple of feedback strategies u*(-) € U, if
the induced n-tuple of feedback strategies of every subgame starting in T,
independently of the initial conditions x(T), can be played, then u*(-) is a
strongly time consistent equilibrium.

Proof: See Mehlmann (1988, pp. 65-67). [

State redundancy is easily detectable by applying Pontryagin’s maximum
principle: after solving the adjoint equations and substituting the costate
variables thus found in the necessary conditions on controls, the resulting
expression depends neither on the states nor on their initial values. The next
proposition (e.g. Mehlmann and Willing, 1983) connects state-redundancy
with time consistency:

Proposition 2.2. If a differential game is state-redundant, then its open-
loop Nash equilibrium is strongly time consistent.

That is to say, if a game is state-redundant, its open-loop Nash equi-
librium coincides with its feedback Nash equilibrium. State redundancy
of open-loop Nash equilibria characterises trilinear games (Clemhout and
Wan, 1974) and exponential games (Reinganum, 1982). A technique for
identifying games whose open-loop equilibria are strongly time consistent
is outlined by Fershtman (1987), who labels this class of games as perfect
games. In general, any perfect game is either state-redundant or can be



transformed into a state-redundant game (Mehlmann and Willing, 1983).

For an exhaustive analysis of state redundancy, see Mehlmann (1988, ch.
4).

2.2 Time consistency in sequential games

Now consider the case of a two-player Stackelberg game, where uy(-) and
up(-) are respectively the control functions for the leader and for the follower,
whose Hamiltonians are Hy(ur,ur,x,Ar,t) and Hp(up,ur,x, A\p,t). The
function

Rp(up,x,A\p,t) = arg max Hp(up,ur, X, Ap,t)

where Rp(ur,x,Ar,t) denotes the follower’s best response function to the
leader’s control path (see Dockner et al., 2000, pp. 114-115).

Definition 2.3. A pair of strategies (u} ,u},) € U such that:
JL(UEU?) 2 JL(uLaRF(uvaa >‘F7t))a JF(UZ,U}) 2 JF(uzauF) (24)
for allup, up € U, is:

e an open-loop Stackelberg equilibrium if uy and uy are open-loop strate-
gies, and if (2.4) holds for all open-loop strategies ur,, up € U;

o a feedback Stackelberg equilibrium if u; and uy are feedback strategies,
and if (2.4) holds for every possible initial condition (ty,xo) of (2.2).

We know from Simaan and Cruz (1973a,b) that generally open-loop
Stackelberg games yield time-inconsistent equilibria. In particular, if we
call \j-,(t) the follower’s costate variables, we can give the following:

Definition 2.4. If for every s = 1,...,n, \p,(to) does not depend on the
leader’s control ur,(t), then the initial value of the follower’s costates is said
to be uncontrollable by the leader. Otherwise, it is said to be controllable.

Controllability leads to time inconsistency since the leader controls the
follower’s costates by manoeuvring ur(t) (cf. Xie, 1997; Dockner et al.,
2000). On the other hand, uncontrollability is a necessary condition to
obtain strongly time consistent open-loop Stackelberg equilibria, but it is
not sufficient, as we summarize in the following (which appears as Corollary
3 in Cellini, Lambertini and Leitmann, 2005, p. 188):



Proposition 2.3. If a differential game is both uncontrollable by all of its
players and state-redundant, then all of its open-loop Stackelberg equilibria
are strongly time consistent.

In the remainder, we intend to determine a suitable game structure whose
properties are such that Stackelberg and Nash equilibria coincide under feed-
back information and therefore, provided Proposition 2.2 holds, the feedback
Stackelberg equilibrium coincides with the open-loop Nash one. In so do-
ing, we also extend the result obtained by Rubio (2006, Proposition 2.3,
p. 210) for the two-player case and stationary solutions to a more gen-
eral setup with n players partitioned in two groups, one of leaders and the
other of followers and to the case of non-stationary solutions. Additionally,
Rubio’s interpretation of his own result is that “the feedback Stackelberg
solution cannot generally be used to investigate leadership in the framework
of a continuous-time differential game” (Rubio, 2006, p. 204). We take a
different angle, so as to stress that indeed the property whereby feedback
Stackelberg and open-loop Nash equilibria coincide, when it applies, allows
us to solve strongly time-consistent hierarchical games using the simpler
approach based on open-loop information and simultaneous play.

3 Additive separability and time consistency

Consider a game where a population of n players is divided into two groups,
respectively formed by [ and n — [ agents. Call:

e u; = (uir,...,ur) the vector of controls of the first group of players
(acting as leaders if the play is sequential);

® up = (U1F, ..., U@m—y)r) the control variable vector of the second group
of players (acting as followers if the play is sequential);

o x(t) = (x,%xr) = (z1L(1), .. ., 21L(t), 217 (1), - - -, T(n—pyr (t)) the usual
state variable vector,

all of them belonging to suitable open control and state sets. That is, we
confine our attention to the case of n players, each being endowed with a
single control, and n states. This game can be played either simultaneously
or hierarchically; in the latter case, the first [ agents form the leaders’ group,
whereas the remaining n — [ players represent the followers’ group.

We assume that in both cases moves are simultaneous inside each of
the two populations, i.e. within both groups a simultaneous competitive



Nash game is played. As usual, in the Stackelberg game case, the leaders
incorporate the followers’ first order conditions into their optimum problems
before picking their own optimal controls.

Definition 3.1. A differential game is additively separable if:

1. the i-th player is endowed with a payoff m;(-) which is additively sepa-
rable in states and controls, i.e.:

mi(x(t), ur(t), up(t), t) = ci(xp(t), ur(t), t) + 6;(xr (1), ur(t),1),

foralli=1,...,n, where o;(-) and 3;(-) are concave and C? functions
w.r.t. all of their respective arguments;

2. the dynamic constraints are the kinematic equations:

is(t) = Ls(xz(t), ur(t), ) + Fs(xp(t), up(t),t) (3.1)
xs(t()) = Ts0 ’
s=1,...,n, where Ly(-) and Fy(-) are quasi-concave and C? functions

w.r.t. all of their respective arguments.

This definition identifies those games where any multiplicative interplay
among controls and states of players of either group is excluded, both in any
player i’s instantaneous payoff and in each state dynamics.? Nonetheless,
within each group multiplicative effects among variables are admitted, pro-
vided the regularity requirements stated in the definition are satisfied. In
such a game, the additive separability of dynamics and payoffs entails the
following expression for the i-th player’s present-value Hamiltonian:

Hl() — e Pilt—to) [az‘(XL, uL,t) + ﬁi(XF,uF,t) + )\ii(t)(Li(XL,uL,t)+

Fy(xp,up, ) + Y Nis(D)(Ls(x,ur, t) + Fy(xp,up, 1)) |
S#i

®Our definition applies, e.g., to the sticky price oligopoly game with differentiated
goods in Cellini and Lambertini (2007), with n players, each endowed with one control and
one state. Other definitions of additive separability exist in the literature: for instance,
Dockner et al. (1985, p. 188) define a class of differential games whose Hamiltonians
are characterised by additive separability between the vector of states and the vector of
controls, so that 8% H;(-)/0u;0x) = 0 for all 4, k. This clearly differs from our separability
requirement.



where \;s(t) is the current value costate variable associated by player ¢ with
state variable 5. On the basis of Definition 3.1, additive separability implies:

02 H;(-)

=0,i=1,...,n, j=1,...,1, k=1,...,n—1.
a'LLjLa'LLkF ! ™ J "

Le., the mixed second partial derivatives of all Hamiltonians vanish when
they are calculated w.r.t. any two control variables belonging to different
groups.

Now we proceed to compare both open-loop and feedback Nash as well
as Stackelberg equilibria of such a game.

If the Hamiltonian functions are concave (and they are also C? by con-
struction, in view of the above assumptions), the open-loop equilibria can
be found by solving the necessary conditions (see Theorem 4.2 in Dockner
et al., 2000, pp. 93-94):

8Hj Gaj - aLj .
9Hj o S Nert =0, j=1,...,L 3.2
ou,r, Ou;r, * = 7 Ousp, P ST e (3:2)

OHp 4 OB OFjq
_— s 3 k = ]., ceey - l .
Durp 0 «— Dy + E Ak, Dur =0 n (3.3)

In the next Proposition we shall call V#(x,t) the i-th optimal value function
and

Zi(") =

Y+ EQ)], i=1,...,n. (34)

Proposition 3.1. Suppose that in an additively separable game respecting
Definition 3.1, the functions Z; is C? and concave w.r.t. wu; for all i =
1,...,n. Then the feedback Nash equilibrium and the feedback Stackelberg
equilibrium are identical.

Proof: First, consider the game played simultaneously among all n players,
without any division into groups. There exists a feedback Nash equilibrium
u* whose i-th component maximizes the right hand side of the Hamilton-
Jacobi-Bellman equation:

ov? -
~ 5 +p, V' = max Zi, (3.5)
foralli =1,...,n, and such that
0Z; | wy=ur . .
T’ =0, Hess(Z; | u,=u;) negative definite,  (3.6)



where Hess(:) denotes the Hessian matrix. Note that by the additively
separable structure of the game at hand, the first order conditions on Zj,

j=1,...,1, involve only the control variables uq,...,u, i.e.:
0Z; oVi(-
'} 3.7
8uj Z Bxs 8uj (3.7)
so that
ouj o
— =0, if je{l,...;l} and ke {l+1,...,n}. (3.8)
oug,
Likewise, the n—1 remaining first order conditions contain only w41, ..., up,
ie.:
92y, _ 85k Z VE() (3.9)
8uk 8uk — axs 8uk .
so that
Ouy, e
T =0, if je{l,...,l} and ke{l+1,...,n}. (3.10)
J

Alternatively, the same game is played sequentially among the group of
the first [ players, acting as leaders, and the group of the remaining n — [
players, acting as followers. Within each of the two sets of players the game
is simultaneous. As usual, we proceed by backward induction considering
first the maximum problem of a generic follower.

By the concavity hypothesis on Zj, there exists a vector of strategies
up = (uf e Uy ) whose j-th component maximizes the right hand
side of (3.5) for k =1+ 1,...,n and such that

0z oy
el 0, Hess(Zy | 'U‘k::'u‘;;’p) negative definite.
(3.11)

This exactly replicates the conditions in (3.6), and in particular the set of
first order conditions is the same as (3.9). Therefore, uj p = uj for all
k=I1l4+1,...,n

By (3.10), the followers’ optimal strategies uj, do not depend on any
leaders’ controls. Evaluating the leaders’ functions Z; in uj},, we notice that
only the functions 3,(-) and Fj(-) are affected by that substitution.

Then, plugging uj}, into (3.5), and solving for the leaders’ group, the
derivatives of all 3;(-) and Fj(-) w.r.t. the leaders’ controls vanish, so the

8uk

10



conditions for maximization are the same as in the previous game. As in

the first case, there exists a vector of strategies u; = (uT’L, e ,uzL) such
that Z; is maximized, and
0Z; | wj=ur , . .
3 2= =0, Hess(Z; | uj=u;fL) negative definite,
U ’
(3.12)

for all j € {1,...,1}. Since such relations exactly coincide with (3.6) in the
totally simultaneous case, then the set of first order conditions for the leaders

coincide with (3.7), yielding ui, = uj for all j = 1,...,1. Then we can
conclude that the feedback Nash equilibrium and the feedback Stackelberg
equilibrium coincide in this class of games. [

Note that the previous result entails that Nash and Stackelberg feed-
back solutions are observationally equivalent and therefore, ex post, one
could not tell whether the vector of optimal controls is the outcome of se-
quential rather than simultaneous play. Moreover, when such a game is a
Stackelberg one, it turns out to be uncontrollable by all players. Proposi-
tion 2.2, ensuring strong time consistency for open-loop Nash equilibria of
a state-redundant game, and Proposition 3.1, implying that feedback Nash
and feedback Stackelberg equilibria coincide, jointly entail the following:

Corollary 3.1. If an additively separable game is state-redundant and un-
controllable, then its open-loop Nash and feedback Stackelberg equilibria co-
incide and they are all strongly time consistent.

It is worth mentioning briefly that an additively separable game which is
state-redundant but controllable, produces feedback Stackelberg and Nash
equilibria that coincide with the open-loop Nash equilibrium, while clearly
the open-loop Stackelberg equilibrium is time inconsistent.

4 An application to an advertising model

We examine a modified version of the game by Leitmann and Schmitendorf
(1978) and Feichtinger (1983), built up in such a way to meet Definition 3.1.
Consider an oligopoly where the individual market share changes over time
as a function of firms’ advertising investments and decreases over time at a
fixed rate 6 > 0:5

Bit) = uslt) + 5> u;(t) — omi(t). (4.1)
J#

6 As anywhere else in the paper, also in this example we assume that states and controls
belong to open sets. However, this example yields a single inner solution.

11



Note that (4.1) features an externality from the control of each j onto the
state of ¢ but there is no direct interplay between any u; and x;; parame-
ter s € [—1, 1] measures the spillover effect, as in the static version. The
instantaneous profit of firm i is m; = px; — bu?, where p and b are positive
constants.” Denoting by p > 0 the intertemporal discount rate common to
all firms, each firm has to determine the amount of advertising that solves
the following problem

o0
maxJiLSE/ e Ptt0) adt,
"

i to

subject to (4.1). If we consider two groups of agents (I leaders and n — [
followers), this game is additively separable in the sense of Definition 3.1.
In fact, by sticking to the notation of Section 3:

e If the i-th player is a leader, i.e. 1 <i </,

05@'(') = pxi — bu?, Bz() =0,

stu] (1 —=s)u; — oz, Fi(r) =s Xn: u;.

e If the i-th player is a follower, i.e. [ +1 <i < n,

a;(+) =0, Bi(-) = pxi — bug,

l
Lz(-):sZuj, Fi(-)=s Z uj + (1 —s)u; — dz;.
j=1

J=l+1

The i-th current value Hamiltonian is:

Hi(-) = pri—bui +Xii [ uwi+s Z uj — 0T +Z Nij | w;i(t)+ s Z ug — 6z,
JFi J# k#j
First, we search for the open-loop solution. The necessary conditions are

the following:
0H;

8ui

= —2bu; + Xii + 5 Y Aij =0 (4.2)
Ji

"The main difference between between the present model and Leitmann and Schmiten-
dorf (1978) is that here the state kinematics is additively separable in states and controls.

12



: 0H,

Nii = pNii — %Z =(p+0)Xi—p (4.3)
. 0H,;
Aij = pAij — %j = (p+0)Ai (44)

foralli#£j,4,5=1,...,n.

Equations (4.4) can be integrated by separation of variables and admit
the solutions A\;; = 0 when \;;(to) = 0.

Through standard calculations with initial conditions w;(tp) = wuip we
obtain the expression for the open-loop equilibrium strategy for each player:

1) = | p +8)t P
ui(t) = [ulo - 2(p+5)b} elptot 4 P (4.5)
Since all equations (4.3) are decoupled, the reaction functions are all or-
thogonal. Thus (uj,...,u}) is both an open-loop Nash and Stackelberg
equilibrium.
Note that, by substitution, we can also compute the related optimal
states by solving the linear Cauchy problem:

2i(t) = —ozi(t) + [uio + 8D i Ujo — m(l + s(n — 1)) elp+o)t

.’Ei(to) = T;0 > 0

whose solutions are:

* —ot b 6(p+5)t
zi(t) = zi0e % + | uio +s;ujo - m(l +s(n—1)) T (4.6)
A sufficient condition for the positivity of the state at all times is:
2b(p + 6) (ui() +SZ- -Uj())
pe (o, 7 (4.7)

1+s(n—1)

As far as feedback strategies are concerned, consider the i-th optimal value
function V*(z,t) = A(t) + B(t)z;. This is linear in the i-th state variable
and with two time-dependent coefficients to be determined (for a typical ex-
ample of this technique, see Dockner et al., 2000, pp. 53-58). The sufficient
conditions for maximization imply:

4_iavi _ B(1)
T R T

(4.8)

13



Plugging (4.8) into the i-th Hamilton-Jacobi-Bellman equation we obtain:

. ) 2
—A(t) — B(t)x; + pA(t) + pB(t)x; = px; + <% + s(n — 1)) BQZ()t) —0B(t)x;,

so that A(t) and B(t) can be determined by solving the following:

. 2 20
B(t) = (p+0)B(t) —p

2
A(t) = pA(t) — <1 +s(n— 1)) 5

i.e.

1

At) = Alto)e — % (5 +s(n— 1))

P 2 2(pt+o)t
B —_
< (to) p+ 5) p+20 *

2p P\ oy p’ }
—— | B(ty) — —— v =
+(p+5)5< (fo) p+5>e p(0+p)?]’

_ P (p+0)t p
B(t) = ( Bto) - —L— ) e+ . L
()= (Bleo) - 25 ) elrn 4 L

It can be easily verified that this game is state-redundant and furthermore
no player has control over other players’ strategies. Consequently Proposi-
tion 3.3 can be applied to this game, whose open-loop Nash and feedback
Stackelberg equilibria coincide. The value added of this kind of structure
is that one can grasp the essence of the model by solving the easiest of all
possible cases, which is the open-loop Nash equilibrium.

5 Concluding Remarks

We have revisited the issue of time (in)consistency of hierarchical differen-
tial games, introducing a specific definition of additive separability of payoff
functions and state dynamics w.r.t. states and controls. Our notion of ad-
ditive separability, in combination with state-redundancy, implies that the
feedback Stackelberg equilibrium and the open-loop Nash equilibrium coin-
cide. This is due to the fact that additive separability entails the coincidence
between feedback Stackelberg and Nash equilibria, the latter collapsing onto
the open-loop Nash solution due to state redundancy. This offers, at least in
the class of games we have identified, a way out of two well known problems:
(1) the time inconsistency issue that usually obtains in open-loop Stackelberg
games; and (ii) the lack of mathematical tools for the analytical solution of
feedback Stackelberg games.

14
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